Abstract. We make extensive use of Lagrange's algorithm for the evaluation of the quotients in the continued fraction expansion of the quadratic surd w, where w -^/d for rf = 2, 3 (mod 4) and Wd -l)/2 for d = 1 (mod 4). The recursively generated terms g" in his algorithm lead to all norms of primitive algebraic integers of Q( \/d) less than y/(D /A), D being the discriminant. By ensuring that the values g" contain at most one small prime, we are able to generate sequences of determinants d of real quadratic fields whose genera usually contain more than one ideal class. Formulae for their fundamental units are given.
1. Norms of Principal Ideals. Let Q{Vd) be a real quadratic field with discriminant D, fundamental unit e, and let w be the algebraic integer (1 1} co = Wd -D/2, d = 1 (mod 4),
= Vd, d ¿á I (mod 4).
We can expand w as an infinite continued fraction and calculate the 77th convergent pn/qn from the quotients an in the standard way. It is shown (e.g. [1, Chapter 33] ) that the set {+/?" ± «í7n} includes all the primitive (i.e., no rational divisors other than ±1) algebraic integers of Q{\/d) with norm less than VCD/4). We adopt from [1] an algorithm due mainly to Lagrange for calculating the quotients an. Recursively, with [x] meaning the largest integer ^x, we find that a,_., = e, an+l is an associate of an, and (1.7) Qn = (~iyQoN(a^,) > 0.
The period /, therefore, is the smallest positive integer n for which Qn = Q0. The cycles are reflective with (1.8) P" = Pt-n+" il.9) Qn = Qi-n and (1.10) an = a¡-n, 0 < Ti < /.
Hence, we find the sequence {QJQ<¡), n = 1, 2, • ■ • , / includes the norms of all principal ideals over Q{\/d) with norm < V(jD/4).
Estimates of Class Number.
Let vim) be the number of primitive ideals over Q{Vd) of norm m ^ 1. It is well known that if p is prime
where {D/p) is the Legendre symbol. From elementary considerations, we can show that v is multiplicative, and, for r > 1,
It is also well known that each ideal class over Q{\/d) contains at least one primitive ideal with norm less than \/{D/5). By comparing vim) with the number of appearances of 777 in the sequence {QJQo), n -I, 2, •••,/, for each positive integer m < \/iD/5), we can obtain some estimate of the number of classes hid) of ideals over Qi\/d). Suppose p is a prime for which none of its powers p', i ï; 1, appear in the sequence {QJQo), and for which {D/p) = 1. Let A be an ideal of norm p.
Suppose A belongs to the principal genus. As the set of classes of the principal genus is a group of order /, the /th power of A, Ar, must belong to the identity element, i.e., the principal class, and A' is principal. Alternatively, if A does not belong to the principal genus, A2 does, so that A21 is a principal ideal. No power of p occurs in the sequence, so (2.4) p2f > ViD/A),
i.e., . Kloss [3] reported that of the primes p = 1 (mod 4) in the range 5 ^ p g 105269 about 80% of the fields Q{Vp) have f{ = h)= 1. The proportion in smaller intervals was relatively stable. In order to find values of d for which / > 1, we need to locate values of d for which a relatively small prime p {p < (£>/4)1/4) can occur in Eq. (2.5). For each odd prime p, approximately (p -l)/2p -J of the numbers in a given large (in comparison to p) interval are quadratic residues (mod p). Hence, one would expect heuristically that the proportion of numbers in such an interval which are not quadratic residues for at least one of the first tj odd primes to be of the order of 2~".
If we can generate values of d for which the sequence {QJQo) contains at most one small prime, then the greater the value of d, the larger, in general, the value of /. We do this in two ways: firstly by generating all values of d for which the period ISA, and secondly by finding values of d for which the corresponding sequence {QJQo) contains only one integer c and its powers.
3. Fields with Small Periods. If the period of Q{\/d), I = 0 (mod 2), then it can be shown by elementary means that the principal ideal (ai/2) is ambiguous, and its norm QyJQo is a divisor of D. Also, as (a¡) = (1), the only nonambiguous principal ideals occur for l S A, when / = 3; {a,) and (a2) and when / = 4; (a,) and {a3). These are conjugate ideals, of the same norm, hence, although ia,2) is also principal, its norm is not represented in the sequence {QJQo), n = I, ■ • ■ ,A. Hence, (Ôi/Ôo)2 > V{D/A), so that we can calculate the first few values of Pn, Qn, an. These are given in Table I . Table I n 0 1
By Eq. (1.9), Q, = Q2, so b = 1, <i = a2 + 1 = (2r)2 + 1, with 2r = a. For sufficiency, we expand d = (2r)2 + 1, again using Eqs. (1.3)-(1.5) to ensure that we will always get / = 3. This expansion is given in Table II . 
(ii) d = (2r -l)2 + 4, r è 2. (i) J = (t-5 + 02/4 + r ^ 1 (mod 4), t-s = i (mod 2) Í rs = t (mod ist + 1)), (ii) ¿ = 1rs + t)2 + Ar, rs ¿é t (mod 2) (and r > t â' 1, st £ 2.
(iii) c? = (rs)2 -4r, rs =. 1 (mod 2), r, s ^ 3.
From the appendix, we can extract the values of the sequence {QJQo), n = 1,2, • • • , /. These are given in Table IV .
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The above tables do not include squares nor multiples of 4, but contain many numbers with square factors. As our interest lies in fields Q{Vd) where d is squarefree, we will restrict our reference to only square-free values of d in the above tables. we find (¿4/3) = 1. If dn is square-free, then, by Eq. (2.5),
which is unbounded as n increases. It seems likely from the Hardy-Littlewood conjectures (e.g., see [5] ) that an infinite number of the dn are prime, and even more likely, that an infinite number are square-free. Similar results can be constructed from other sequences from Theorem 1. Other examples will be given in the appendix. Corresponding to each field extracted from the values of d in Table III , we can set up a table of their fundamental units (see Table V ). For the sequences of Section 4, we obtain by Eq. (4.13) the sequence (a") = a0, 771, mc"'1, mc, mc"'2, mc2, • ■ ■ . From this, we can calculate the coefficients pr, qr recursively. Less calculation is involved in finding qT, than in finding pr, and as / = 27! + 1 is odd, we can obtain the coefficients u, v of e = u + v\/d from and use e == 2u for an approximation for e.
In a recent paper [7] , Shanks required an asymptotic value for log e2 in thé computation of the class number A(Sn). He quotes from a paper, yet to be published [8] , the result (5.11) log(«2) = 2ti2 log 2 + 0(772"").
Using Eq. (5.10) and the log series, we can refine Eq. (5.11) to log(e2) = (2ti2 + 2) log 2 + (6ti + 4)2"" (5.12)
-(13« + 8)2-2" + (42ti + ^)2"3" + 0(ti42-4").
However, for other than relatively small values of n, we can use the approximation of (2m2 + 2) log 2. In the case n = 19 quoted by Shanks, (5.12) gives 501.838653, with the remainder terms after (2n2 + 2) log 2 contributing only 0.000225. (Cf.
(5.11) giving 500.452134.) 6 . Conclusion. In his algorithm for calculating class numbers of real quadratic fields, Shanks [7] notes that the efficiency of computation is greatly enhanced by knowing a priori the fundamental unit of the field, and in the cases listed above with only a small number of easily recognised primitive principal ideals, other problems in his algorithm are reduced.
Obviously, it would be possible to classify all fields of any given period, by extending the processes of Section 3. However, the current method has a practical barrier to indefinite extension in the sheer mass of algebraic manipulation with increasing numbers of parameters being required. There may well be other more fruitful approaches to the problem. 
